Let A be an abelian compact Lie group. We show the Bott inverted suspension spectrum of the projective space that classifies A-equivariant line bundles is a model for A-equivariant unitary topological K-theory.
Introduction
Let A be an abelian compact Lie group. For α ∈ Hom(A, R/Z) let C α denote the complex numbers with A-action a.z = e 2πiα(a) z. Then C α ⊗ C α = C α+α and
is a complete A-universe with a contractible space of linear isometries
It follows that the projective space P(U A ) that classifies A-equivariant line bundles acquires a natural A-action and also an abelian group structure up to equivariant homotopy. More generally, recall the nth Grassmannian Gr n (U A ) is an A-space that classifies A-equivariant n-dimensional bundles. Denote the corresponding colimit by Gr(U A ). Then the composite map
induces, via the adjunction between equivariant spaces and spectra, a map
from the suspension spectrum of the projective space to the representing spectrum for A-equivariant unitary topological K-theory. By inverting the Bott map β for ∞ P(U A ) + we show the following result. For legibility we allow a uniform notation for "Bott elements and maps" trusting that the precise meaning will be clear from the context. The writing of this paper was inspired by Snaith's isomorphism for naive equivariant cohomology theories in [9] and the proof of an analogous motivic result given in [10] .
Equivariant oriented cohomology theories
We refer to [4] for background on oriented cohomology theories and formal group laws in equivariant homotopy theory. Let E * A (−) be an A-equivariant cohomology theory, ε the trivial representation and α some 1-dimensional representation. There are inclusions
The homotopical unitary cobordism spectrum MU A has a canonical orientation, and therefore there exists an equivariant formal group law over MU * A (−) determines a unique orientation preserving ring map between A-spectra MU A → E by [1, Theorem 1.2].
As in [4, §10] one shows the A-equivariant unitary topological K-theory spectrum acquires a degree 2 orientation class
Here L denotes the canonical line bundle over P(U A ). The corresponding coefficient ring Rep U (A)[β, β −1 ] (that is, the Laurent polynomial ring in the variable β over the representation ring) represents A-equivariant strictly multiplicative formal group laws [5] .
The Bott inverted equivariant infinite projective space
Denote by ε ⊕ ε the trivial 2-dimensional representation. The identity map on P(U A ) defines classes
Clearly ξ ∞ pulls back to the unit element of ∞ P(U A ) + 0 A and the class 1−ξ 1 is sent to 1 − L in KU 0 A P(ε ⊕ ε) under the naturally induced map
We may also consider the image of the reduced cohomology class 1 − ξ 1 in the coefficient ring of P(U A ) by virtue of the identification
(Stably we have P(ε ⊕ ε) + = S 0 ∨ S 2 .) There exists a corresponding map
and taking the adjoint of
An inspection reveals that β coincides with the Bott map introduced in [9] .
Definition 3.1. The Bott inverted P(U A ) is the homotopy colimit
We note there exists an evident ring structure on ∞ P(U A ) + [β −1 ] and also an associated A-equivariant cohomology theory. Moreover, β maps to the Bott element for KU A under ∞ P(U A ) + 2 → (KU A ) 2 since the latter element corresponds to the virtual vector bundle 1 − L over P(ε ⊕ ε). In what follows, we denote by the same letters the images of the classes β and ξ ∞ under maps induced by
Lemma 3.2. The class
defines an orientation for Bott inverted P(U A ). The corresponding A-equivariant formal group law is strictly multiplicative in the sense that its coproduct has the property
Here x(ε) is the coordinate of the formal group law.
Proof. The multiplication map on P(U A ) determined by tensor products of line bundles induces a map
In cohomology β maps to β 1 β 2 , where β i is the image of β under the map induced by the projection pr i : 
is orientation preserving.
Proof of the main result
Proof of Theorem 1.1. Lemma 3.2 implies there exists a unique map between A-equivariant oriented cohomology theories
is the identity. Denote also by β
corresponding to the orientation class for Bott inverted P(U A ), and likewise for
The KU *
Now consider the orientation preserving composite map of KU *
it follows that ν is the identity map. To summarize, the above shows there exists an isomorphism of A-equivariant oriented cohomology theories It remains to show that (2) lifts, uniquely up to isomorphisms, to an isomorphism between oriented ring spectra in the equivariant homotopy category. This follows by observing that there exist no nontrivial phantom maps 
